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A Penrose Tiling



Tilings

Definition
A tiling T of R2 is a countable set {t1, t2, . . . } of closed subsets of
R2, called tiles such that

ti ∩ tj has empty interior whenever i 6= j and

∪∞i=1ti = R2.

Furthermore, any finite subset of tiles is called a patch.

Definition
A tiling T is aperiodic if T + x 6= T for any non-zero vector x in
R2.



Sir Roger Penrose



Penrose Toilet Paper
Kleenex used the Penrose tiling to prevent layers of toilet paper
from sticking together. Penrose was not amused.

”So often we read of very large companies riding rough-shod over
small businesses or individuals, but when it comes to the
population of Great Britain being invited by a multi-national to
wipe their bottoms on what appears to be the work of a Knight of
the Realm without his permission, then a last stand must be
made.” - David Bradley, director of Pentaplex (the company that
cares for Penrose’s copyrights)



Dan Shechtman

Winner of the Nobel prize in Chemistry 2011 for the “discovery of
quasicrystals” in 1984.

”I think the main lesson that I have learned is that a good scientist
is a humble scientist who is open-minded to listen to other
scientists when they discover something.” - Dan Shechtman
(Nobel Prize interview).



Shechtman’s Diffraction Pattern



Cybernox cookware



A Pinwheel Tiling (Conway-Radin)



Federation Square, Melbourne



Substitution Rules

Definition
A set P = {p1, p2, . . . , pN} is called a set of prototiles for T if
every tile t in T is a euclidean motion of some p in P.

Definition
A substitution rule on a set of prototiles P consists of

A scaling constant λ > 1

A rule ω such that, for each p ∈ P,

ω(p) is a patch of tiles {t1, · · · , tk} whose support is λp,
each tile in ω(p) is a euclidean motion of a prototile p in P,
and
ti ∩ tj has empty interior whenever i 6= j .

ω can be applied to tilings by applying it to each tile.

ω can be iterated.



Example: Penrose Tiling
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+ all rotations by π/5 of the above prototiles.
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Producing a Tiling from a Substitution Rule

p ⊂ ω4(p)

⊂ ω8(p)

ω4n(p) ⊂ ω4(n+1)(p)
Then

T =
∞⋃
n=1

ω4n(p)

is a tiling.
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Penrose Tiling



Example: Pinwheel Tiling (Conway-Radin)



A fractal from the substitution

→ → → · · · →



Place the fractal in each tile



Continuations



Fractal pinwheel



My first drawing



Fractal pinwheel tiles



The fractal tiles inherit the substitution

−→



The fractal tile substitutions
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